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Abstract 

We investigate the rotation sets of open billiards in for the natural 
observable related to a starting point of a given billiard trajectory. We prove 
that the general rotation set is convex and the set of all convex combinations 
of rotation vectors of periodic trajectory is dense in it. We provide a 
constructive proof which illustrates that the set is dense in the pointwise 
rotation set, and the closure of the pointwise rotation set is convex. We 
also consider a class of billiards consisting of three obstacles and construct 
a sequence in the symbol space such that its rotation vector is not defined. 
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1 Introduction 

Billiards, traditionally, have been studied as part of Ergodic Theory, where their 
statistical properties have been investigated with respect to the invariant measure 
equivalent to the Lebesque measure. From that point of view, the limit behaviour 
of almost all trajectories has been studied, but it is also important to investigate 
the limit behaviour of all trajectories, specihcally, periodic trajectories (which are 
of zero measure). In this context, billiards in convex domains are considered twist 
maps, so elements of the so called Rotation Theory can be applied (see [10], [8], 
0 ). 

Financial support by the Ministry of Higher Education in Saudi Arabia is greatfully acknowl¬ 
edged. 
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The dynamical model that we study here is the billiard flow in the exterior of 
several disjoint and strictly convex bodies with smooth boundaries satisfying a 
standard no eclipse condition (the convex hull of any two of the convex bodies 
has no common points with any of the other bodies HI)- Such a system is called 
an open billiard. This is quite a different system since the most interesting part 
of its phase space - the so called non-wandering set - is very small. It is locally 
homeomorphic to a Cantor set, and its Lebesgue measure is zero [1], [12]. We 
associate with it an observable that is related to a starting point of a given billiard 
trajectory. 

In general, Rotation Theory studies a given dynamical system and associates with 
it a function on the phase space with values in a vector space - the so called ob¬ 
servable. Then by taking limits of ergodic averages of the observable, we get the 
rotation vectors (numbers). These limits (rotation vectors) form the general rota¬ 
tion set. We can get also a rotation set by integrating the observable with respect 
to all ergodic invariant probability measures using Birkhoff’s Ergodic Theorem 

US], Wi¬ 
lt is well-known that, topologically, an open billiard (considered as a discrete dy¬ 
namical system) is isomorphic to a Markov shift of finite type. For such shiflts 
a general theory of rotation sets has been developed by Ziemian in [TB], where 
she studied the rotation set in the case when the dynamical system is a transitive 
subshift of finite type with an observable that depends only on cylinders of length 
two. Most recently Kucherenko and Wolf studied the rotation set of a compact 
metric space together with an m-dimensional continuous potential in [6]. They 
considered the rotation set defined by means of integrals of Borel invariant prob¬ 
ability measures. Their main result is that every compact and convex subset of 
is attained as a rotation set of a particular set of potentials within a particu¬ 
lar class of dynamical systems. However, as demonstrated by Blokh, Misiurewicz 
and Simany in [2], in physical systems such as billiards, for some naturally de¬ 
fined observables, one can obtain more significant information. In fact, [2] studies 
one of the simplest possible cases, namely, a billiard on a torus in the exterior of 
one single small convex obstacle and for one particular observable - the so called 
displacement. Even in this (simple at a first glance) case significant difficulties 
appear. 

Let 0 be the observable in the phase space of an open billiard related to a starting 
point in a billiard trajectory (see section 2 for details). Let be the set consisting 
of all convex combinations of the form conn(pi,p 2 , ■■■,Pk), where pi = is the 

rotation vector of a periodic trajectory The folowing theorem summarizes our 
main result: 
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Theorem 1.1 The general rotation set for 0 is convex, and is dense in it. 

This is derived from a result of Ziemian [H] using some general arguments from 
the ergodic theory of sub-shifts of finite type. Moreover, the argument is fairly 
general and works for observables on any sub-shift of finite type. 

Most of the paper deals with constructive arguments concerning the particular case 
of an open billiard. We hrst illustrate that the closure of the pointwise rotation 
set is convex. Then, in section 4, we consider a class of billiards consisting of three 
obstacles and construct a sequence f in the symbol space such that the rotation 
vector is not defined (see section 2). This can be easily generalized to more 
general cases of open billiards. 

The methodology used in this paper can be used to derive similar results for various 
other physical observables defined on an open billiard. 


2 Open Billiard 

Let n be a domain in N > 2, with smooth boundary X = dQ. The dynamical 
system generated by the motion of a point particle in hi is called the billiard flow. 
The point moves at constant velocity in the interior of the domain hi creating 
reflections at the boundary dVL according to the classical law of geometrical optics: 
the angle of incidence is equal to the angle of reflection (ffl, El, ca). 

The open billiard is a kind of billiard in which hi is unbounded and hi = M.^\K, 
where K is a union K = KiVJK 2 Vd ■■■■VdKs of pairwise disjoint compact and strictly 
convex sets with C^-smooth boundaries dKi, for some s > 3. The obstacles Kfs 
satisfy the non-eclipse condition. That is, for any i k j, the convex hull of 
Ki U Kj does not intersect Kk. The billiard ball map, B is defined on a subset M' 
of the set 

M = {(x,u) e X X : {y{x),v) > 0}, 

where v{x) is the unit normal to dVL at x pointing into the interior of hi. Let 
q = [x, v) denote the trajectory 7 which starts at x with direction v and has a 
common point with X. Let y denote the first such point. This means that y & X 
and the open segment {x,y) has no common points with X. Define M' to be the 
subset of M consisting of all q = (x, v) such that 7 issued from x in direction v 
hits dTl at, say, y. Define u to he u = v — 2{v, i'{y))i'{y) and set {x,u) —)■ {y,v). 
So we obtain a map B : M' —)■ M. Here we consider B : Mq —)■ Mq, where Mq 
is the set of all {x,v) G M' such that B^{x,v) is dehned for all n G Z, which is 
called the non-wandering set. We call the points q G Mq with B^{q) = q for some 
/c > 0 periodic points of period k of B. 
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The set Mq can be coded using symbolic dynamics when the non-eclipsing con¬ 
dition holds. This is done by using the symbol space S of inhnite addmissible 
sequences ^ ••••)) where each G {1, 2 ,s}. An admissible word 

(or sequence) is, by dehnition, a hnite or an inhnite sequence where I is 

an interval in Z, i.e. / = [p, q], for some p < q, such that for all p < i < g 

(this includes the cases when p = —00 and/or q = 00 ). These sequences are acted 
upon by the left-shift map a : S —> S, given by cr(.^) = where = (.^') is 
dehned by Ci = Ci+i ([H])- 

The observable 0, considered here, is related to a starting point of a given billiard 
trajectory dehned as follows: given ^ in the symbol space S, there exists 

a unique pair (p, v) of a point y on the boundary of K and a unit vector v in 
such that the billiard trajectory issued from y in direction v has inhnitely 
many rehections both backwards and forwards and the i’th rehection occurs at 
the boundary of the obstacle K^. for every integer i (see [13], |1], [I2]). Then 
dehne : S —> Mq by <h(^) = {y,v) and 0 : S —)■ by 0(^) = y. Then 
il(<h(^)) = <h((T(^)) for all ^ G S. The set of all limits 


n—1 


p^(0 = lim -5^0(a*(O) 
n^oo ri 


2 = 0 


(for those ^ ^ which the limit exists) is called the pointwise rotation set and 
will be denoted by J^. The set of all limits of subsequences of sequences as in 
the right-hand-side of the above formula for all ^ G S is called the general rotation 
set. 

We will assume that the set K is contained in a ball with radius i?, so that ||a:|| < R 
for every x G A'. 


3 The General Rotation Set 

In this section, we will show that the general rotation set is convex and equal 
to the closure of We will use results from [18] to do that, but hrst we will need 
to approximate our observable 0 with ones that are locally constant. 

Note that 0 is continuous (in fact. Holder continuous) see Lemma [4.31 below. 

Thus, we can use Stone-Weierstrass Theorem to hnd approximations of 0. Let 
G(S) be the set of all real valued continuous functions dehned on E and 


A = {p G G(E) : (p depends on finitely many coordinates}, 
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then every constant function belongs to A, and if and y are in A then (^ + x 
and cpx cire in A. Also for every 99 in A and every A in M, Acp is in A. Thus, A is 
an algebra in C'(E) containing the constants. Also if are elements in E such 
that ^ then there exists i such that Consider (p : E —> E such that 

(p(rj) = Tji for every rj in E. (Here we assume that each rji = 1,2,..., s, so the values 
of rji are real numbers.) Then 99 is in A since ip depends on only one coordinate. 
Clearly ip{^) 7 ^ Thus, A is dense in C(E) (i.e for every e > 0 and every y in 

C(E), there exists ip m. A such that || y — 99 ||< e). Here || 99 || = max^^^, \ P>{,C) \- 

Next, we use a procedure described in [3] (see section 10 in [5] and Chapter 1 of 

[ID- 

Let m > 2. Let F be the set of all blocks of the form = L such 

that ii 7 ^ ii+i and ii = 1,2, ...,s. Now F will be our new set of symbols. Dehne 
a new symbol space Ei? = {L = : Li G F}. Dehne <h : E —> Ei? by 

<h(^) = L = (Li)“_^, where Li = (^*,^*+ 1 , ..^,^*+^- 1 ). Set S = $(E). Hence, if ip 
is in C(E) then (^9 = -0 o <h for some ip in C'(E). 

Now we want to show that = G^. To do this, we need hrst to prove that 
$ : E —> E is bijective and $ o a* = cr* o d). 

Let be in E such that ^ 7 ^ (he 7 ^ for some i.) Assume that <h(^) = L 
and ^(0 T. Then Li (^j, ..., 7 ^ L^ (CnC^i+i)—i)- ke 

L 7 ^ L, so <h is injective and, hence, <h is bijective. 

Let ^ = (., ^ 0 , 6 , be in E. Then 

$(a*(0) = $((., 6-1; e*, 6+1,--)) 

( 5 ('bi —15 ; 'bi+m— 2)1 ('Cij 5 'Ci+m— 1)5 ('Ci+l! ) ^i+m) y ) 

~ ((.) (^— 1 )-) 2 )) (^ 0 )-) (^ 1 )-) ^m)y -)) 

= ^*(<L(0)- 

Now let p be in This means that there exists in E such that 

hm = P 

k^oQ TL]^ 

for some sequence 1 < Ui < 77,2 <. Assume that *h(0 = L. So, for every i, 

= *L(a*(0) = '0(a*(<l'(O)) = iP((t\L)). 

So p is in G^. he is subset of G^. Similarly, one can prove that G^ is subset 
of G^. Hence, G^ = G^. 
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Now assume ip depends on m + 1 coordinates. Then ip depends on just two 
coordinates in S. Applying [T^ to p:, we obtain a corresponding result about the 
general rotation set of ip. This follows from = G^. Thus, if Py is the set of 
all convex combinations of rotation vectors of periodic trajectories in S then, by 
Ziemian [TS], is dense in G^, and, hence, is dense in G^. 

For our observable p and q > 1, using the above argument, we can hnd an observ¬ 
able ip = ipq depending only on hnitely many coordinates such that — ' 0 || < -• 

Now £x e > 0 small, and £x g > 1 a large integer such that 

- < £ (3.1) 

q 


Let p be in so p has the form p = Vmvk^oo pk where pk = ^0(cr®(.^)), for 

some sequence of integers 1 < ni < n 2 < .... < Uk < ... and some in S. Set 
pj. = Then for any integer h. 


Pk 


Pk 


TE2„-V(£r‘(0) - 

^ k ^ k 


< 


< 


1 

Uk 

1 

Uk 


srio"'ii0K(O)-V'K(O)ii 


^i=0 




1 

q 


(3.2) 


Hence {pj.} is bounded, so it has a convergent subsequence, say, {p'k^} going 
towards p' in G^ as m goes to inhnity. For every m, we have that pj, = 
^Sr=o Set pk^ = As {pk^} is a subsequence of 

{pk}, we have that {pk^} converges to p. We also have by (3.2) that \\pkm~P'kmW — 
A Thus, as m goes to infinity, we obtain 

I|p-P'll<i (3.3) 

q 

Similarly, we can prove that for any p' in G^, there exists p in G^ such that 
IIp^ — pII < “• Hence the Hausdorff distance between G^ and Gp is less than or 
equal to A 

Let be a periodic trajectory in S of period p. Then, by Lemma 14.21 in section 4 
below and the Remark, pp{^) = ^Ff“oV(o'AO) and pp{^) = ^SfAoV(crAO)- Thus, 

IIP3(0 - P*(0ll < iE&‘ll^(p-(?)) - if(<r‘(?))ll < h 
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Let P^p be the set consisting of all convex combinations of the form conv{pi, p 2 , ■■■, Pk), 
where pi = p^{^i) is the rotation vector of a periodic trajectory Let Pp be the 
corresponding set for the observable ijj. If p is in Gp then there exists p' in Gp such 
that ||p —p'll < by (3.3). Since V’ is locally constant, we can apply Theorem 3.4 
of [IB] (see how above). Hence, Gp is convex, and the set Pp is dense in Gp. Thus 
p' can be approximated by a vector in Pp. he we can hnd k positive real numbers 

fi’s with = 1 and rotation vectors p[, .of periodic trajectories such 

that WEi^iUp'i - p'W < |. Then \\T,^^^ti{pi - Pi)\\ < = i. Clearly, EUpi is in 

Pp and 


pII 





~ p'i) + — p' + p' — p\\ 

< e. 


Thus Pp is dense in Gp. 

It remains to prove that Gp is convex. 

Take k elements, pi, p2, ...., Pk of Gp. Set p = Yl!i=i^iPi-: some ti,t2,...,tk > 0 

and = 1- Consider an arbitrary e > 0 and take q as in (3.1). For each pi, 

there exists p' in Gp such that \\pi — p'|| < ^ by (3.3). As Gp is convex, the sum 
'^i=i'tiPi = p' is in Gp. Also, by (3.3) and the statement underneath, there is p” in 
Gp such that \\p" — p'\\ < A So 

\\p - p"\\ < \\p - p'li + y - p"\\ < -- 

q 

So, for every q > I, there exists p" in Gp such that ||p — Pq|| < A Since Gp is 
compact, {pg} has a convergent subsequence, say {Pg.} going towards p'” (in Gp). 
From Up — Po. II < — , and as i tends to inhnity, we get ||p — p"'|| = 0. Thus, p is in 
Gp, and hence, Gp is convex. 

This proves Theorem 11.11 ■ 


4 Periodic Orbits and the Pointwise Rotation 
Set 

In this section, we provide a constructive proof of the following weaker version of 
Theorem 11.11 
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Theorem 4.1 On an open billiard, let 0 he the observable defined by the position 
of a starting point of a given billiard trajectory in the symbol space. Then the 
closure of the pointwise rotation set for is convex, and the set P^j, is dense in the 
pointwise rotation set. 

We need several lemmas in order to do that. 

The periodic trajectories are generated by points q G Mq with B^{q) = q for some 
fc > 0. It is easy to see that all periodic trajectories have rotation vectors. 

Lemma 4.2 Let ^ E H be a periodic trajectory with period length p. Then f has 
a rotation vector where Xi is the reflection point at the obstacle 

Ki.- 

Proof. We want to show that lim„_ 5 .oo ^ exists. 

Let ^ = (^j) be periodic with period p, so fi+p = fi for all i. Let = {xi,Ui), 

{xi,Ui) = {xi+np, Ui+np) for all n E Z. We have 0(cr*^) = x*. 

Let n = kp + m, 0 < m < p — 1, then 

n—1 

= {k + l)(a:o + xi + .... + Xm-i) + k{xm + •••• + Xp-i) 

i=0 

and so 

,. 1 i / ir\ V {k + l){Xo + Xi + ... + Xm-l) + k{Xm, p ■■■■ p Xp-i) 

hm - > (j){a 0 = lim -^- 

n-foo n ^^ k^oo kn P m 

i=o ^ 


Thus 

p<piO 

And so every periodic trajectory has a rotation vector. ■ 

Remark'. The above lemma can be generalized for any observable. 

To study rotation vectors of open billiards, we will need the following lemma which 
is a consequence of the strong hyperbolicity properties of the billiard flow - see Cl; 
see also Lemma 10.2.1 in na. 


p 


p-i 


Xi 


1 

-E 


Xi. 
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Lemma 4.3 There exist constants C > 0 and S G (0,1); depending only on K, 
with the following property: 

if io, ii, im+i £ { 1 ; 2 ,s} are such that ij ^ ij+i for 0 < j < m, 

^0 ^ G dKi^^ .; ^ G 


and 

^0 ^ dKigi X^ G dKi^i .) ^ ^^imi ^m+l 

are two seguences of points such that for every j = 1 , the segments [xj-i^xf 

and [xj^Xjj^i] satisfy the law of reflection at Xj with respect to dKi. and the seg¬ 
ments [x'j_i,x'j] and [x'j,x'j^i\ satisfy the law of reflection at x'j with respect to 
dKi., then 

\\xi-x'i\\<C{6^ + 6^-^), 


for all i = 1 , m. 


We will need the following set-up to prove the next three lemmas. Fix a small 
constant e > 0 - we will say later how small e should be. Then £x integers i,p 
sufficiently large so that 


5R e e 

— < A < 
p 3’ 3’ 


(4.1) 


where 5 is a global constant in (0,1) satisfying the conclusion of Lemma [4.31 


In the next lemma, we prove that every rotation vector of a periodic trajectory can 
be approximated by a rotation vector of another periodic trajectory of a special 
kind. 


/ S 

Lemma 4.4 For every periodic f = (.; .) € S of period n, 

pin times 

there is a periodic f in S of the form = (.; S,..., S,...., S,j,....), where j ^ 

and p, I are as in (f.l), such that || p</,(0 ~ Pt/iiO ll< 

Proof Let p(j){crfl^)) = Xj, then, by Lemma SSI p,f>{i) = i is also 

periodic of period pin + 1 , and if Pipicrflf,)) = Xj, then, by Lemma 021 Pfli(0 = 
pin+i Clearly, in f we can hnd at least in reflections from the same 

obstacles as in ^ at the begining of the periodic block and at the end. So, by 
Lemma [4.31 we have: 


xen+j - Xj II < 6^^ + 6^^ = 25^^, 0<j<{p- 2)in - 1 . 
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Thus, 


(p—l)£n—1 _ n—1 


pin + 1 

1^1=0 ^j=0 ^{l+i)n+j 

pin + 1 


E 

j=en 


n 

j=0 


1 

n 


n—1 

j=0 


^~^ (p—2)-£n—1 1 


n—1 


n—1 


i=0 '^j=oi^{i+i)n+j Xj) ^ — 2)i ^ 


pin + 1 


p£n + 1 




i=o 


i=o 


^ 26^^{p-2)in 

~ pin + 1 


{p - 2)i 1 


pin + 1 n 


< 25^” + —. 

p 


By (4.1) and (4.2) we have: 


n—1 

E 

j=0 


Xi 


(4.2) 


p<p{0 - p<t>iO 

pin 


n—1 


E 




_ 

p£n + 1 n 

i=o ^ j=o 


in—l 

^ E 


a;,- 


< 


< 


j=0 

2in 


pin + 1 


+ 


(p—l)£n—1 


Xi 


y 

^ pin + 1 

j=tn j=0 


n—1 pin 

E Xj \ 

TT + E 

j = (p-l)£n 


a;,' 


p£n + 1 


-— y + 25'" + — 

pm + 1 p 

2R ^ . 3i? 5i? e 

———h 25 H-<-h 25 < - + 2- — e. 

p+l/m p p 3 3 


This proves the lemma. 


Given points pi,p 2 , ■■■■,Pk in we will denote by conv{pi, p 2 , ■■■■,Pk) the convex 
hull of these points, i.e. the points v of the form v = tiP* for some ti, ....tk > 0 
and ti = 1. 


The following lemma is the central point in this article. 

Lemma 4.5 Lety,^^‘^\ . be periodic elements ofH and let pi = Pc/^iy), i = 

1, 2,...., k. Then for every v G conv{pi, ...,Pk) and every e > 0, there exists a peri¬ 
odic ?7 G E such that || P 0 (? 7 ) — v ||< e. 





11 


Z. Alsheekhhussain 


Proof. Let v = Yli=i'^iPi some > 0 and 

approimate each ti by a rational nnmber. There are positive integers si, S 2 ,Sk 
snch that 

e 


Si 

— —f. 

m 


< 


3kR' 


(4.3) 


where m = 


Let be as in Lemma 14.41 We construct by repeating psiiiTii times the 
periodic block of where ii = —, Ui is the length of the periodic block of 
and L = inin 2 ...nk, and p and i are as in (4.1). Applying Lemma [4.41 to get 
dehne the last symbol ji = for i < k and jk 7 ^ where 

rrii = pSiiiUi = pSiL. 


By dehnition, is the periodic sequence obtained by repeating inhnitely many 
times the block Then 


periodic bolck, 


pi) — ( . (O’) fin 'i 

S — y---i so ’SI ■:■■■■) 


r(i) r(i) 


(*) 


Assuming that UjP = 0,...., ruj—1, are the reflection points of and = 

then, by Lemma 14.21 as is periodic of length ruj, we have 


mi-1 


1 (i) 


i=o 


and 


Pi- II < 


(4.4) 


Construct r; to be a periodic with periodic block as follows: 


h = (• 


periodic block of length 

.. - ^ 

:r(l) ^(2) ':={k) \ 

^ ^ 5.? ^ 1 -/• 


Let j = 0,..., m, — 1, i = 1, ...,k be the reflection points of the corresponding 
billiards trajectory. Then p is admissible, so r/ G E. 


Applying Lemma 14.21 we get 

k rrii — l 


k rrij —1 


p^iv) = 


V V =_=_V V = 

A ^k T P 

2=1 j=0 2=1 j=0 


k rrii — l 


(i) 


mvL ^ ^ 

^ i=\ j=0 
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Considering the seqnence of reflections determined by rj that have the same reflec¬ 
tion obstacles as the ones determined by for all i, we can hnd at least {p — 2)siL 
reflections from the same obstacles as in for all i at the begining of the periodic 
block and at the end. Thus, by Lemma [4.31 we have: 


S/lIU - ll< j = 0,.... (p - 2)s,L - 1. 


(4.6) 


Now, by (4.1) and (4.5), we have: 

. k 


P4>{V) - 
1 


E k / > 

4=1 4=1 

k rrii — l 




mi-1 


EE 




mpL ^ ^ ^ 

^ 4=1 j = 0 


mpL 


E’"-Ut5:!'i 


(b 


2=1 


< 


mpL 

1 


mpL 


k SiL—1 

EE 

4=1 j=0 

k psiL—1 

E E 


(b (b 

y) -z)’ 


mpL 


j=0 
k {p-l)siL-l 

E E 

2 = 1 j=SiL 


(^) (0 

y) -z)' 


(b (b 
y)’-z)’ 




< 


^ k ^ k ^ k 

V SiL2R + -- y (p - 2)siL25^^^ + -- V SiL2R 

m ni, m nf, 


mpL 


2 = 1 


mpL 


mpL 


< -{AR + {p - 2)25^ 

p 

AR r e 

< — + 2S^ < -. 

p 3 


(4.6) 


Also, by (4.3), we get: 


mpL 


- y t4P0(y) 


2=1 


2=1 


< Eii'>A“’) 

2=1 

< kR 


3kR 


mi 


mpL 


(4.7) 
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Thus, by (4.4), (4.6) and (4.7), we have: 

II P<t>iv) -V II 


< 


mpL 


i=l 


< 


< 


i=l 

€ € 
3 3 


k k 

- '^tiPi 
i=l 
k 

^ ^ + X^^illPflid^*^) “ P 

i=l 
k 

Eh 


e e 
3 3 


= e. 


i=l 


This completes the proof. 


Now, we will prove that the set is dense in J^. 

Lemma 4.6 If, for some ^ G S, there exits p^{^) = lim„_j.oo - 0(<^*O ^ 

then for every e > 0 there exists a periodic ?7 G S such that \\ p^{i) ~ P<I>{'U) ll< 

Proof As p</,(0 = liiiin-i^oo ^ Sr=o^ 0(<^*O) ''^6 can hnd Uq (large) such that 

^ n—1 

i=0 

Now take n > Uq and assume that n = pi, where p,i are as in (4.1). Construct p 
to be periodic with period block as follow: 

periodic block 

.-^-s 

V ~ ( ) ^0i 'Cl) ) 'Cn—1) ) 


< 


3’ 


Vn > no. 


(4.8) 


if io # 


periodic block 

.-^-V 

V ~ (-) 'CO) 'Cl).) Cn )-) 


if Cn -1 = Co) then ^ fo. 

We will consider the first case - the second case is similar. Then p is periodic with 
period n. 


Let Xi be the reflection points of the billiard trajectory determined by and let 
Pi be the reflection points of the billiard trajectory determined by p. Then, by 
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Lemma P(t>{v) = n ^^^=0 Vi- "w® can find in ^ and rj at least ^ reflections 
from the same obstacles at the begining and the end of the periodic block of r] 
corresponding to those of by Lemma [4.31 we have: 

II xe+j - ||< 25^ j = 0, {p - 2)i - 1. (4.9) 


Hence, by (4.1) and (4.10), we have: 


- P0(h) 




1 

n 


n—l 




< 


< 

< 


^ n—l ^ 1—1 

n n 

2=0 2=0 


E 


- Vi II +- 


n 


pi 

E 

i={p—l)l 


Vi 


[2iR +{p- 2)2i6^ + 2iR] 


3 n 

e AR . 

- H-1-25 < e, 

3 p 


which proves the statement. ■ 

We can now prove our main result. 


Proof of Theorem \4.1\ The second part follows from Lemma 14.61 


prove that the closure of is convex. 


It remains to 


As is closed, any point in can be approximated by points in J^, so it is 
enough to prove that conv{J^) C J^. 

Let pi, p 2 , ■■■Pk be elements of J^j, and let v = Yl\=i '^iPi where tj > 0 and Yl\=i = 1 
(i.e n is a convex combination of pi, i = 1,..., k). Let e > 0. For any i = 1, 2,..., k, 
we can hnd, by Lemma 14.61 a periodic pi such that 


Pi-p<p{Vi) II< 2' 


(4.10) 


Set p'i = p^ipi), v' 
that 


Si=i ^iP'i- By Lemma 14.51 we can hnd a periodic f such 


p*(0 - p 



(4.11) 
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By (4.11) and (4.12) we have: 


< 

< 

< 

< 


||P 0 (O -v' + v' -v\\ 

IIP0(O - 'I'll + Il'y'-'y 


k k 

7 ^ 4 " II ^ ^ ^iPi ~ ^ ^ ^iPi 

i=l i=l 

k 

| + 5^^i||Pi-Pi|l 

i=l 

k 

i=l 


Hence v ^ J^, and is convex. ■ 


5 Constructing a trajectory with no rotation vec¬ 
tor 


Here, we give an example of a billiard trajectory defined by some in S such that 
P(t>{0 does not exist. 

5.1 Example 

Assume that ai, 02 , 03 are distinct points in , and £x e > 0 so small such that 
II 02 — 03 II > 12 e, II Oi — 02 II > 2 e, || Oi — 03 ||> 2 e, dist{ai,L) > 2 e, where L 
is the line 02 , 03 . Let Ki,K 2 , be strictly convex obstacles containing oi, 02 , 03 , 
respectively, and having diameter < e. Then, for any point x in dKi, we have 

II a; — Oj ||< e (5.1) 

Dehne G S as follows: 

i = (.; Bi, B 2 , H 3 ,.). 


where 


Bk = (1,2,....,1,2,1, 3,.,1,3) 
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and mk = 2^^ + is the length of Bk- 

We will construct distinct limit points of the sequence 

^ n—1 

{hn : bn = 


Let Ufc = mi + 7712 +.+ ruk-i + 2^^ and hk = mi+ m 2 + .... + m^. 


Consider the subsequences {^n^} and {hn^} of bn, i.e. 


n/g — 1 

{K ■K = — ^ 

• r, 

3=0 

n/g — 1 

{K • ^ 

'^k • n 

1=0 

Now, for a given k, let 

-S'! =1 {j : 0 < j < nk,Xj e dKi} |, 

*S'2 =1 {j : 0 < j < Uk, Xj e dK2} I, 

5'3 =1 {j : 0 < j < Uk, Xj e dKs} I . 

Set 

P^ = \S,\, i = 1,2,3. 

Obviously, 

Pi + P 2 + P 3 = ^k- 

From the dehnitions of ^ and Uk, it is clear that half of the reflection points belong 
to dKi (i.e Pi = ^), and so 



And the other half of Uk will be devided between 8 X 2 and dK^. 


(5.2) 


Now 


Uk 


22 + 2 ^ + 2^ + 2^ +.+ 2^^*^“^^ + + 2^^ 

mi m 2 m2(k-i) 




2^(2^*^-! - 1) 


2 - 1 
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From the definitions of Bk, Uk and nik, we have that: 


P 2 = 2 + 2 ^ + 2 ^ +.+ 22 ^"^ 


P 3 = 2 ^ + 2 ^ + ....+ 2 ^''-^ 

/22fc-2 _ 4, 0. 2 


And so as /c —)■ 00 , we have 


P 2 

-Q ) ®2 —t 0, 

Uk 3 / 


\nk 6J 

Hence, from (5.1),(5.2),(5.3) and (5.4), we have: 


jsSi jeS2 j^Ss 

+ I-fJ®1 + (-qJ®2 + I-fJ®3 

\nk 2/ \nk 3/ \nk 6/ 

Pi P 2 P 3 

< —e + —e + —e = e 

when k is large enough. 

Thus, if & is a limit point of {bn^.} (he the limit of a convergent subsequence of 
{bnj), then 

b-(^ + ^ + ^) <e. 

V236/ - 

Similarly, it can be proved that if 6 is a limit point of (i.e the limit of a 

convergent subsequence of {^n^.}), then 


V2 6 3/ “ 
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By our assumption, || 02 — 03 ||> 12e, we have that 

Thus b b, so hm„_j.oo&n does not exist. ■ 

Acknowledgements. Thanks are due to Luchezar Stoyanov for suggesting the problem and 
continuous support. 



0-2 

Us 


y 

~ y 


> 2e. 
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